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Within the framework of phenomenological approach the expressions for dissipative function D and 
viscous stress tensor u' of biaxial nematic liquid crystal (NLC) with arbitrary point symmetry group 
are constructed. The numbers N,, of independent viscous coefficients for the nematics of 32 crystal's 
lattice pointgroups and icosahedric groups are found. The condition following from the thermodynamical 
consideration of the non-negative determination for quadratic matrix 8,  that was constructed with 
viscous coefficients, is formulated. For some of the point groups obvious inequalities for viscous coef- 
ficients are mentioned. 

INTRODUCTION 

In the past ten years a biaxial NLC class presenting a mesophase with a biaxial 
breakdown of full rotational symmetry 0(3), typical for the isotropic liquid, was 
singled out among liquid crystal phases and was actively investigated. These phases 
were first discovered' in lyotropic LC, and after that2-in thermotropic LC. Biaxial 
nematic phases admit arbitrary point symmetry groups-subgroups of O(3)-in- 
cluding the groups, forbidden in crystal lattice. The symmetry of the majority of 
really existing biaxial nematics has not been established yet. 

The investigations of biaxial nematics were devoted to the development of the 
continuous elasticity t h e ~ r y , ~ - ~  phase transition theory,, LC polar i~at ion,~ classi- 
fication of defects.'.' 

The hydrodynamical properties of biaxial NLC were discussed in many pa- 
p e r ~ ~ - ~ ,  9-13: in great detail were considered the nematics with orthorhombic sym- 
metry,3.4.9-13 some papers were also devoted to any other symmetries of NLC- 
triclinic,5.10 monoclinic,S tethragonal," hexagonal,l" cubiclo and quasiisotropic. lo 

The complexity of symmetrical analysis, which is necessary to build the dissipative 
function, invariant in relation to the acting of operations of some point groups, led 
to discrepancy in results for the number of viscous coefficients of orthorhombic 
nematic in paperlo and paper~.~.'.".'*t Besides this the correct form and, respec- 
tively, the right number of biaxial NLC viscous coefficients were not for all point 
groups of middles and high crystallografical systems found"'.": e.g. going into 
hexagonal system groups C, and D, gave different numbers of independent com- 

t I n  paper"' this discrepancy was mentioned. 
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2 L. G .  FEL 

ponents of 4-th rank tensor V;jk/ and 3-d rank tensor hj jk  (in Liu's"' description). 
All these concern groups C, and D, of tethragonal system and groups T and 0 of 
cubic system. No papers known to the author discussed the hydrodynamics of 
rhombohedric nematics. 

Special interest is attached to incompressible biaxial nematics which most prob- 
ably reflects the real situation. For these NLC the number of independent viscous 
coefficients were found only for orthorhombic ~ymrnetric.'.~ 

The new biaxial mesophases ~ynthesis'~.'' testifies to the specific features of 
hydrodynamical properties in NLC of different symmetries (see also Reference 
16). All this make it necessary to extend the earlier obtained results on hydrody- 
namics of biaxial NLC to a more wider set of symmetry classes-32 crystal lattice 
point-groups and icosahedric groups. 

analogical problems were considered by the author during 
the development of the continuous elasticity and flexoelectricity theories of biaxial 
nematics with an arbitrary point symmetry group. In these papers a well arranged 
apparatus" of tensor analysis was used, when symmetry requirements were imposed 
on the tensor. In the present paper this apparatus is also employed. 

In recent 

ENERGY DISSIPATION IN BlAXlAL NEMATIC 

The existence of viscosity leads to energy dissipation in the moving liquid. For an 
unlimited volume of isothermal liquid, which doesn't move at the infinity, the 
dissipative function D describes the local production of entropy 6 dsldt and is the 
quadratic form of independent thermodynamical forces x i ,  if the latter are small2" 

where dsldt is full derivative of liquid entropy's mass density S with respect to the 
time t, 6 and T-the density and temperature of liquid respectively, rn-the number 
of valid thermodynamical forces. In the absence of influence exerted on the system 
by an external magnetic field or in the absence of rotation of the system as the 
whole the kinetic coefficients L ,  are satisfied to Onsager's reciprocity relations 

(2) L. = L . .  

The non-negative determination of the quadratic form (I) expressed a thermo- 
dynamical inreciprocity of the liquid's motion connected with the existence of 
internal friction in it. The thermodynamic forces x i  can be scalars (in case of volume 
viscosity), vectors (in case of heatconductivity) and tensors (in case of shear vis- 
cosity). 

The thermodynamic flows Ti, adjonted to the thermodynamic forces x i ,  are 
defined by the expression 

dD T.  = - 
' dx; (3) 
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BIAXIAN NEMATIC VISCOSITY 3 

The role of the thermodynamic forces in the case of isotropic viscous liquid is 
played by components of a second rank symmetrical tensor 

where vi are the Cartesian components of the vector of points media velocity. 
At the motion of the nematics phase an energy dissipation is caused by the 

alteration of NLC-molecules symmetries axies orientation’s at their local rotation 
around their own inertial centers. This leads to the additional freedom degrees of 
the system and consequently leads to additional thermodynamic forces xi, which 
are absent in the isotropic liquid. The theory of biaxial nematic is constructed by 
introducing in either NLC-point the vectors f i l ,  ii2, ii, triade of point groups C- 
a subgroup of O(3)-group’s. These vectors are interconnected by relations 

d 
dt - 5, = 0, (4) 

where (,) is the scalar product’s symbol. At the homogeneous rotation of nematic 
as the whole with the rotational velocity i; = f rot 5 the same rotational velocity 
& will have all vectors fields f i@, i = n T o  describe the inhomogeneous 
nematic’s rotation, three vectors N, could be used 

- diii N . = - -  
’ dt 

[i; x ii,] = [(A - i;) x i z ; ] ,  

satisfying the following relations 

(k;, f i j )  + (GI, G I )  = 0. 

The relationship (Equation 6) could be derived by means of Equations (4), ( 5 ) .  
The instantaneous rotational velo_city’s vector has been introduced into Equation 
( 5 )  by the definition dizjdf = [a X f i ,]. The use of 9 components of 3 vectors 
fii(Nix, N , ,  N j 2 )  as additional thermodynamic forces is inconvenient owing to 2 
reasons: 

6 conditions (Equation 6) reserve only 3 independent components of the 
vectors fi, ; 
by the construction of the true scalar D it would be more convenient to use 
the scalar values, that remain invariant after acting the operations of O(3)- 
group. 

By the use of the system of non-orthogonal coordinates, that are built on the 
ground of the directors ii, triade, naturally 3 independent thermodynamic forces 
(ki, ii,) are arised (f.i., (El, &), (E2, ii3), (k3, AJ). Besides that, the tensors 
A, components in a new coordinate’s system will be transformated in such a manner 

B, = c C l k A L I C I I ’  (7) 
k . 1  
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4 L. G. FEL 

where C;k = { i t ; ,  2 k ) ,  2, is one of 3 normed ortes of Cartesian coordinates system. 
Then the expression for the dissipative function D takes the form 

where the 4-th rank tensors q, IJ. and u have a inner Jahn-symbolic symmetry2' 

Due to the duality's re la t ion~hip '~ {V} - EV the tensor p is equivalent to the 
symmetrical with respect to 2 indices pseudotensor of 3-d rank, and tensor u-to 
the symmetrical 2-d rank tensor. The Onsager's reciprocity relations for tensors q, 
p and u are satisfied, also it must be mentioned, that the indices "ij" (also "k!") 
are understood as one index. 

Considering the expression (Equation 8) for D as a symmetric quadratic form 
in 9-dimensional euclidial space (6 tensor's B, components and 3 components of 
(fil, it,)), the necessary and sufficient conditions22 of the expression's D non- 
negative determination might be formulated: all main minors (not only the corned 
minors) of determinant det 5 must be non-negative, where E is the quadratic 9 x 
9 matrix. This leads to the inequalities, that tie the tensors q, p, u components. 

The numbers N,,  N, ,  Nu  of these tensor's independent components will accord- 
ingly distinguish one from other in respect to the biaxial nematic's group of sym- 
metry. The symmetry's existence leads to any relationship between the tensor's 
components. This relationship may be found for every symmetry group G19, ob- 
serving the transformation of components B ,  and (hI, it l )  after group's G oper- 
ations acting. In the Table the numbers N,, N, ,  Nu,  N ,  are presented, where N ,  
= N,, + N ,  + N ,  are the independent viscous coefficients for nematic phases 
number. 

The data of Table coincide with the results, obtained for tri~linic,~."' mon~cl in ic ,~  
o r t h o r h ~ m b i c ' , ~ , ~ ~ . " . ~ ~ $  and quasiisotropic'" nematics and also for the nematics of 
high-symmetrical point groups of tethragonal," hexagonal"' and cubic'" systems. 
For the low-symmetrical point groups of these systems and for the rhombohedric 
point groups our results are new. 

Kin? has paid attention to the coincidence of numbers N ,  for biaxial nematics 
of triclinic, monoclinic and orthorhombic symmetries with the numbers N ,  of non- 
zero components of elastisity tensor X for nematics with the same symmetries 
accordingly. The inner symmetry of A is [(V)*].l' In reality this fact is of a general 

t The number of independent components of 3-d rank tensor A,,, , obtained by Liu,"' is wrong. This 
number equals 3 ,  in accordance with papers.'." ' ' . I 2  
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BIAXIAN NEMATIC VISCOSITY 5 

TABLE 

Triclinic 21/15 18/15 6 45/36 

Mono c I i n i c 1319 817 4 25/20 

Orthorhombic 916 3 3 15/12 

715 615 2 15/12 
614 2 2 1018 

115 413 2 13/10 
614 1 2 917 

513 
513 

312 
312 

413 2 1118 
1 2 816 

1 1 514 
0 1 413 

Icosahedric 211 0 1 312 

nature and is common to biaxial nematics of an arbitrary point group of symmetry: 
that is a corollary from the trivial tensor-identity 

xijxk/ = X i j X k ,  + ki j%k/  f %ijkk/  + %ij%k/  

where Xii and kii-symmetrical and antisymmetrical parts of 2-d rank tensor xij 
accordingly. 

By using Jahn’s symbols the latter identity can be put down as follows: 

which proves our statement about the coincidence of numbers N ,  and Nh.  
The numbers of inequalities binding the viscous coefficients of biaxial nematics 

of an arbitrary symmetry group coincide with the numbers of inequalities, binding 
the elasticity coefficients of biaxial nematics, and were presented in paper.I7 

Let us write the 16 thermodynamical inequalities for 15 viscous coefficients of 
orthorhombic nematics 

2 
r l f f f f  3 0, -%/I/ 3 07 r l l l l l  . rl//]/ 3 rl,f/]’ 

2 a rlllll  . rl2323 + T2222 . d l 3 l  + rl3333 rl:212 
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6 L. G .  FEL 

Making the biaxial nematic’s symmetry class higher, by means of Equation (10) 

For instance, the expression of dissipative function D for cubic nematics of point 
we can get the inequalities for tethragonal, cubic and icosahedric nematics. 

groups 0, T d ,  Oh has the form 

( 1 1 )  
2 0  = aI(B:i + B% + @ 3 )  + 2a2(B11B22 + B22833 + B33B11) 

where a; are coefficients, which satisfied to the inequalities 

a, 2 0, a3 2 0, a4 2 0, a, 2 14, a: 201: 2 3ala: 

For the icosahedric groups Y ,  Y/,  it must be taken in Equations ( l l ) ,  (12) 

Special interest is attached to the incompressible nematic phase, characterised 
by div 3 = 0. The latter condition can be rewritten by means of Equation (7) in 
the following form 

where matrixes d and g inverse to matrixes {c i j }  and {cji}  accordingly. 
The relationship (13)  retains only 5 independent components of tensor B, . This 

leads to a decrease of the numbers N,,, N , ,  N ,  and also to an alteration of the 
thermodynamical inequalities. Now the matrix’s E rank is 8. In the Table the 
numbers N,,;, N F i ,  N,; for incompressible nematic phase also are presented. 

For the viscous stress tensor uf, construction let us find its symmetrical u:, and 
antisymmetrical u:, parts, where “ p ,  @’-Cartesian system’s indices and this 
system is built on the introduced in Equation (7) ortes 2 k .  The adjoined thermo- 
dynamical force for the flow u;, is A,, , and for the flow u:, - (6 - G),, 
= ((6 - G ) ,  [2, x I,]).Transfering expression (8) into Cartesian coordinates, 
we find 
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BIAXIAN NEMATIC VISCOSITY 7 
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